Abstract-In dynamic cardiac SPECT estimates of kinetic parameters of a one-compartment perfusion model are usually obtained in a two step process: 1) first a MAP iterative algorithm, which properly models the Poisson statistics and the physics of the data acquisition, reconstructs a sequence of dynamic reconstructions, 2) then kinetic parameters are estimated from time activity curves generated from the dynamic reconstructions. This paper provides a method for calculating the covariance matrix of the kinetic parameters, which are determined using weighted least squares fitting that incorporates the estimated variance and covariance of the dynamic reconstructions. Sequential tomographic projections are reconstructed into a sequence of transaxial reconstructions for each transaxial slice using for each reconstruction in the time sequence the fixed-point solution to the MAP reconstruction. Time-activity curves for a sum of activity in a blood region inside the left ventricle and a sum in a cardiac tissue region, for the variance of the two estimates of the sum, and for the covariance between the two ROI estimates are generated at convergence. A one-compartment model is fit to the tissue activity curves assuming a noisy blood input function to give weighted least squares estimates of blood volume fraction, wash-in and wash-out rate constants specifying the kinetics for the left ventricular myocardium. Numerical methods are used to calculate the second derivative of the chi-square criterion to obtain estimates of the covariance matrix for the weighted least square parameter estimates. Even though the method requires one matrix inverse for each time interval of tomographic acquisition, efficient estimates of the tissue kinetic parameters in a dynamic cardiac SPECT study can be obtained with present day desk-top computers.
of the Fisher information matrix [1, 2, 3] . Each reconstruction in the dynamic sequence was reconstructed using matrix inverse reconstruction. The reconstruction was a solution to a weighted least squares optimization problem, which provided a weighted least squares estimate of the reconstructed values and estimates of the covariances between the reconstructed values. These estimates were used to generate time activity curves for a sum of activity in a blood region inside the left ventricle and a sum in a cardiac tissue region, for the variance of the two estimates of the sum, and for the covariance between the two ROI estimates. The weighted least squares estimates and covariances for the reconstructed time activity curves were fit to a one-compartment perfusion model to obtain weighted least squares estimates of the kinetic model parameters (wash-in, wash-out, and fractional blood volume). It was shown that the weighted least squares estimates of the kinetic model parameters gave lower variance than the unweighted least squares estimates. However, in general the dynamic sequence of reconstructions is obtained using ML or MAP iterative algorithms, which properly model the Poisson statistics and the physics of the data acquisition. This paper investigates the errors in kinetic model parameters for a onecompartment cardiac perfusion model when iterative MAP reconstruction algorithms are used to obtain the dynamic sequence of reconstructions.
II. THEORY Huesman and Mazoyer [4] developed a method for estimating kinetic model parameters from time activity curves for a noisy input function. In their work they developed a formulation for the estimation of both the kinetic parameters and their errors. Most of this work was applied to data in PET applications where the error estimates are calculated from an analytical convolution expression [5] . However in SPECT, because of the need to correct for attenuation in addition to geometric response and scatter, it is necessary to use an iterative reconstruction algorithm and to obtain estimates of the solutions of iterative reconstruction algorithms. In this case the error estimates become more difficult to obtain because the inversion of large matrices is required.
A. Covariance Matrix of Estimated Kinetic Parameters
In RFIT [6] the kinetic parameters k21 (wash-in rate constant), k12 (wash-out rate constant), fv (fractional blood volume) of a one-compartment perfusion model are estimated from dynamic cardiac SPECT data by minimizing the chisquare function 2 S ∂k 21 ∂k 12
The explicit expression for S is given by †
The second order partial derivatives of S with respect to the parameters are given by the somewhat complicated expression †
These are calculated numerically in RFIT [6] .
B. Fixed Point Solution for the Reconstruction and the Reconstructed Covariance Matrix
Barrett et al [7] derived an approximate formula for the mean and covariance of the maximum likelihood expectation maximization (ML-EM) reconstruction as a function of iteration number. Fessler [8] developed formulations for the mean and the variance at the solution of MAP iterative reconstruction algorithms. Qi [9] presented a more general formulation of the reconstructed errors as a function of iteration and at the fixed-point solution for general iterative reconstruction algorithms. Here we present the fixed-point solution for the maximum a posteriori (MAP) reconstruction.
The MAP reconstruction is obtained by maximizing the log of the a posteriori probability function † 
To develop an iterative algorithm we know that the previous solution should be zero at the solution therefore we have † 
we substitute these into the previous equation:
Separating out the first order error terms we havė , therefore †
Since the gradient is zero at the solution, the term in the second bracket is equal to l S . This implies that the expression in the first bracket must be equal to zero therefore it leads to the following expression †
The covariance matrix for reconstructed values at the solution is † cov( f ) = E cov(n)E T . We assume that the vector of additive projection noise † n has a covariance matrix: † cov(n) = L g , where † L g is a diagonal matrix of mean projection values along the diagonal. Also, h the projection of the mean value of f is assumed to be equal to † g . Therefore, we have †
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The matrix † F is the projection matrix. We denote the elements of † E as † E f j m to be consistent with the expressions given in the previous section. The expression given here for † cov( f ) was first derived by Fessler [8] using implicit derivatives.
III. COMPUTER SIMULATIONS

A. Methods
A dynamic version of the MCAT phantom in Fig. 1 was created for the simulations. Only a single 2D slice of the phantom was used for the experiment. The dynamic phantom was constructed by summing each organ of the static phantom using weights derived from the time-activity curves (TACs) shown in Fig. 2 for each time frame. In this way a series of 2D phantoms was constructed, one for each time frame of the dynamic acquisition. Examples of activity images for selected time frames are shown in Fig. 3 .
The time activity curves shown in Fig. 2 were generated to mimic those seen in patient studies. The myocardium TAC was constructed with blood as input function, with wash-in rate constant † Projection data were formed by projecting each time frame of the 64¥64 dynamic phantom. The simulated projections included the effects of attenuation and geometric point response, but not scatter. For each time frame in the dynamic sequence there were 120 projection angles with each projection containing 64 projection bins. The dynamic sequence consisted of complete tomographic projections formed at 12 intervals of 5s, followed by 12 intervals of 10s, followed by 8 intervals of 30s followed by 8 intervals of 60s. Each dynamic projection data set was numerically integrated over the active acquisition time for each time frame.
Dynamic sequences were reconstructed using weighted least squares by evaluating
, and by an iterative MAP reconstruction by maximizing † G( f ). The matrix † R was defined such that when applied to † f it provides a smoothing given by a 3¥3 kernel with -1 for adjacent pixels and † -1 2 for the diagonal. The parameter † g 2 was selected to be equal to 10 for the 24 th frame (the final 10 sec frame) and for each other frame was scaled to be inversely proportional to the counts in the frame compared to the counts in the 24 th frame. Time activity curves were generated from the dynamic reconstructed sequence for the blood region and myocardium region shown in Fig. 1(c) . The variance for blood and the variance for myocardial region and covariance between blood and myocardium were calculated with MATLAB using the expression for † cov( f ) given in the previous section. These data were submitted to RFIT to obtain the weighted least squares fit for the kinetic parameters. Figure 3 shows the results for the weighted least squares reconstructions and the iterative MAP reconstructions with and without noise. It is obvious from the results that the MAP reconstruction considerably suppresses the noise. Regularization causes a blurring of blood into the tissue. This is reflected in the increase in v f from the simulated value of 0.150. The tissue fraction has decreased which is reflected by a decrease in the myocardium curves in Figs. 5 and 6. Our previous work gave estimated values and errors for 21 k of 0.801±0325 using weighted least squares (WLS) and of 0.801±0370 using least squares (LS) when no physical effects were simulated or modeled in the reconstruction; and 0.801±0.701 using WLS, and of 0.801±0.721 using LS when attenuation, detector response, and scatter were simulated and modeled in the reconstruction. Two things we notice: first, with increase modeling the variance increases, and second, the iterative Bayesian reconstruction provides significant reduction in variance (see Figs. 5 and 6 ). 
B. Results
IV. DISCUSSION
We have shown the feasibility of estimating the covariance of time activity curves for MAP reconstruction algorithms, the ability to obtain weighted least squares estimates of kinetic parameters, and the ability to estimate uncertainty of the kinetic parameters. The calculation of † F in S requires the calculation of the matrix E for each dynamic reconstruction in the dynamic time sequence. For dynamic cardiac SPECT this can require the inverse of several 4096¥4096 matrices. Our original 40 matrix inversions required 2 CPU hours on a Cray [3] . Now matrix inversion can be computed in 1 min on a desk-top computer (SGI-250Mhz) using MATLAB by reconstructing only nonzero elements. Therefore, efficient estimates of the tissue kinetic parameters in a dynamic cardiac SPECT study can be obtained with present-day desktop computers.
The methods developed will allow us to better evaluate methodology for dynamic cardiac SPECT imaging. The effects of physiology and physics of the imaging detection process (input function shape, tissue response, statistics, timing resolution, attenuation, scatter, geometric response) on the bias and variance of kinetic parameters can be analyzed at the solution of iterative reconstruction algorithms. Also, the effect of regularization on the bias and variance of the kinetic parameters can better be evaluated.
